An edge labeling of a connected graph G = (V, E) is said to be local antimagic if it is a bijection f : E → {1, . . . , |E|} such that for any pair of adjacent vertices x and y, f
Introduction
A connected graph G = (V, E) is said to be local antimagic if it admits a local antimagic edge labeling, i.e., a bijection f : E → {1, . . . , |E|} such that the induced vertex labeling f + : V → Z given by f + (u) = f (e) (with e ranging over all the edges incident to u) has the property that any two adjacent vertices have distinct induced vertex labels. Thus, f + is a coloring of G. Clearly, the order of G must be at least 3. The vertex label f + (u) is called the induced color of u under f (the color of u, for short, if no ambiguous occurs). The number of distinct induced colors under f is denoted by c(f ), and is called the color number of f . The local antimagic chromatic number of G, denoted by χ la (G), is min{c(f ) : f is a local antimagic labeling of G}. Clearly, 2 ≤ χ la (G) ≤ |V (G)|. The sharp lower bound of the local antimagic chromatic number of a graph with cut-vertices given by pendants is obtained. In [1, Problem 3.3] , the authors asked:
Does there exist a graph G of order n with χ la (G) = n − k for every k = 0, 1, 2, . . . , n − 2?
In [3, Theorem 9], we proved the following that answered the above problem affirmatively.
For each possible n, k, there exists a graph G of order n such that χ la (G) = n−k if and only if n ≥ k+3 ≥ 3.
The following conjecture was then made. 1 Corresponding author.
Proof. Let e = uv and x 1 , . . . , x k be pendants. Thus, f + (u) > q and f + (v) > q and they are distinct. On the other hand, f + (x i ) < q and are distinct for all i. Hence c(f ) ≥ k + 2.
Theorem 2.2. Let G be a graph having k pendants. If G is not K 2 , then χ la (G) ≥ k + 1 and the bound is sharp.
Proof. Suppose G has size m. Let f be any local antimagic labeling of G. Consider the edge uv with f (uv) = m. We may assume u is not a pendant. Clearly, f + (u) > m ≥ f + (z) for every pendant z. Since all pendants have distinct induced colors, we have χ la (G) ≥ k + 1.
For k ≥ 2, since χ la (S k ) = k + 1, where S k is a star with maximum degree k, the lower bound is sharp. The left labeling below is another example also showing that the lower bound is sharp. The right labeling shows that the lower bound is sharp for k = 1. The contrapositive of the following lemma [4] gives a sufficient condition for a bipartite graph G to have χ la (G) ≥ 3.
Lemma 2.3. Let G be a graph of size q. Suppose there is a local antimagic labeling of G inducing a 2-coloring of G with colors x and y, where x < y. Let X and Y be the numbers of vertices of colors x and y, respectively. Then G is a bipartite graph whose sizes of parts are X and Y with X > Y , and xX = yY = q(q+1) 2
.
We now answer Conjecture 1.1.
Theorem 2.4. Suppose n ≥ 3. There is a graph G of order n with χ la (G) = 2 if and only if n = 3, 4, 5, 7.
Proof. Suppose n = 3, 4, 5, 7, it is routine to check that all graphs G of order n has χ la (G) ≥ 3. This proves the necessity by contrapositive.
We now prove the sufficiency. Suppose n ≥ 11 is prime. Since n = 6s + 1 (s ≥ 2) or 6s + 5 (s ≥ 1) we consider the following two cases.
Case (a). n = 6s + 1. Suppose s ≥ 3. We shall construct a bipartite graph G with bipartition (A, B), where |A| = 3 and |B| = 6s − 2, such that all vertices in B are of degree 2. If G exists, then G is of order 6s + 1 and size 12s − 4. Suppose there is a local antimagic labeling f of G such that c(f ) = 2, then the labeling matrix M is a 3 × (6s − 2) matrix such that each of its entry is either integer in [1, 12s − 4] or * . Moreover, each integer in [1, 12s − 4] appears as entry of A once. Note that the total sum of integers in [1, 12s − 4] is 3(6s − 2)(4s − 1). We now arrange integers in [1, 12s − 4] to form matrix M as follows:
(1). In row 1, assign k to column k if k = 2, 4, 6, . . . , 4s − 2, 6s − 2; assign 12s − 3 − k to column k if k = 3, 5, 7, . . . , 4s − 1.
(2). In row 2, assign k to column k if k = 1, 2s − 1, 2s + 1, 2s + 3, . . . , 6s − 3; assign 12s − 3 − k to column k if k = 2s, 2s + 2, 2s + 4, . . . , 6s − 4.
(3). In row 3, assign 12s − 4 to column 1; assign k to column k if k = 3, 5, 7, . . . , 2s − 3, 4s, 4s + 2, 4s + 4, . . . , 6s−4; assign 12s−3−k to column k if k = 2, 4, 6, . . . , 2s−2, 4s+1, 4s+3, 4s+5, . . ., 6s−3, 6s−2.
(4). All the remaining columns of each row is assigned with * .
The resulting matrix is given by the following table:
It is easy to check that the first row contains 4s − 1 numbers, the second row contains 4s numbers and the third row contains 4s − 3 numbers. Moreover, each column sum is 12s − 3 and each column sum is (6s − 2)(4s − 1). Thus, G exists and χ la (G) = 2.
When s = 2, a required labeling is as follow: Case (b). n = 6s + 5. Suppose s ≥ 2. We shall construct a bipartite graph G with bipartition (A, B), where |A| = 3 and |B| = 6s + 2, such that B has a vertex of degree 1 and the remaining 6s + 1 vertices are of degree 2. If G exists, then G is of order 6s + 3 and size 12s + 3. Note that the total sum of integers in [1, 12s + 3] is 3(6s + 2)(4s + 1). Similar to the above construction, we want to arrange integers in [1, 12s + 3] to form a 3 × (6s + 2) matrix M as follows:
(1). In row 1, assign k to column k if k = 2, 4, 6, . . . , 4s + 2, 6s; assign 12s + 3 − k to column k if k = 3, 5, 7, . . . , 4s + 1.
(2). In row 2, assign k to column k if k = 1, 2s + 1, 2s + 3, 2s + 5, . . . , 6s + 1; assign 12s + 3 − k to column k if k = 2s, 2s + 2, 2s + 4, . . . , 6s − 2.
(3). In row 3, assign 12s + 2 to column 1 and 12s + 3 to column 6s + 2; assign k to column k if k = 3, 5, 7, . . . , 2s−1, 4s, 4s+2, 4s+4, . . . , 6s−2; assign 12s+3−k to column k if k = 2, 4, 6, . . . , 2s− 2, 4s + 3, 4s + 5, 4s + 7, . . . , 6s + 1.
The resulting matrix is given by the following It is easy to check that the first row contains 4s + 1 numbers, the second row contains 4s + 2 numbers and the third row contains 4s numbers. Moreover, each column sum is 12s + 3 and each column sum is (6s + 2)(4s + 1).
When s = 1, a required labeling is as follows:
1 3 4 5 6 8 13 * * 12 * 10 9 7 2 * 14 * 11 * * * * 15   Thus, G exists and χ la (G) = 2.
Suppose n ≥ 6 is not prime. In [1, Theorem 2.11], we have χ la (K p,q ) = 2 where n = p + q ≥ 6 is an even integer. Therefore, there exists a graph G of order n such that χ la (G) = 2 for every even n ≥ 6. Let n ≥ 9 be an odd composite number. Thus, n = (2k + 1)m for some m ≥ 3 and k ≥ 1. Let G = B((2k) [m] ) of order n = (2k + 1)m as in [4, Theorem 3 .18] with χ la (G) = 2. Hence, for every odd composite n ≥ 9, there exists a graph G of order n such that χ la (G) = 2. For r ≥ 2 and a 1 ≥ a 2 ≥ · · · ≥ a r ≥ 3, denote by C(a 1 , a 2 , . . . , a r ) the one-point union of r distinct cycles of order a 1 , a 2 , . . . , a r respectively.
If G is biparite with r − 1 and 2r − 1 are both primes, then
Proof. Let G = C(a 1 , a 2 , . . . , a r ) be of size m so that G has order m − r + 1. Let the vertex of degree 2r be the central vertex, say u, and the 2r edges incident to u are called the central edges. Denote the consecutive edges of subgraph C ai by e si+1 , e si+2 , . . . , e si+ai such that s 1 = 0, s i = a 1 + a 2 + · · · + a i−1 for i ≥ 2 and e si+1 and e si+ai are the central edges of C ai . Define an edge labeling f :
It is easy to verify that f + (u) > m + 1, and each vertex of degree 2 has color m and m + 1 alternately. Thus, f is a local antimagic labeling that induces a 3-coloring. Hence, 2 ≤ χ(G) ≤ χ la (G) ≤ 3. It follows that χ la (G) = 3 if χ(G) = 3 when one of a i is odd.
Suppose χ la (G) = 2. This implies that χ(G) = 2 and hence a i is even for each i. Rewrite e si+j by e i,j , where 1 ≤ j ≤ a i . Let f be any local antimagic coloring of G that induces a 2-coloring of G with colors x and y. Without loss of generality, we may assume that f Since r − 1 and 2r − 1 are both primes, we only need to consider the following eight cases.
Case (1). {a, b} = {1, 8(r − 1)(2r − 1)}. In this case, 2y + 6 − 8r = 16r 2 − 24r + 9. Since the left value and the right value are of different parity, a contradiction.
Case (2) . {a, b} = {2, 4(2r − 1)(r − 1)}. In this case, 2y + 6 − 8r = 8r 2 − 12r + 6. Hence, y = 4r 2 − 2r. This gives (i) m = 4r
2 − 4r and x = 4r 2 − 4r + 1 or (ii) m = 2r − 1 and x = 2r.
(i) Observe that all integers in [1, y − x = 2r − 1] must be assigned to central edges, we have y = 4r
It is easy to verify that no such graph exists for r = 2. Hence, r ≥ 3 and we must label the central edges by 1 to 2r − 1 and 2r 2 − r respectively. Without loss of generality, we may assume that e i,1 is labeled by i for an i ≥ 1. Hence, the labels of the edges from e i,1 to e i,ai must be i, 4r
By symmetry, we can assume i < 2r − 1 − i so that 1 ≤ i ≤ r − 1. Note that each of these r − 1 cycles takes up 4r − 2 edges. Hence, we have C ai = C 4r−2 for 1 ≤ i ≤ r − 1. We are now left with one unlabeled cycle with central edge labels must be 2r − 1 and 2r 2 − r. Therefore, the consecutive edge labels of this cycle must be 2r − 1, 4r 2 − 6r + 2, 4r − 2, 4r 2 − 8r + 3, 6r − 3, 4r 2 − 10r + 4, . . . , 2r 2 − 3r + 1, 2r 2 − r and this last cycle has size 2r − 2. One can verify that the edge labels are all distinct in [1, 4r
, 2r − 2) admits a local antimagic labeling that induces a 2-coloring. Thus,
(ii) Since all integers in [1, 4r
2 − 4r] must be assigned to central edges, we have 4r
Case (3). {a, b} = {4, 2(2r − 1)(r − 1)}. In this case, 2y + 6 − 8r = 4r 2 − 6r + 6. Hence, y = 2r 2 + r. This gives (i) m = 2r 2 − r − 1 with r is odd and x = 2r 2 − r or (ii) m = 2r and x = 2r + 1.
(i) Since all integers in [1, 2r] must be assigned to central edges, and that y = 1 + · · · + 2r = 2r 2 + r, we must consider all odd r. Without loss of generality, we may assume that e i,1 is labeled by i for an i ≥ 1. Hence, the labels of the edges from e i,1 to e i,ai must be i, 2r
By symmetry, we can assume i < r − i so that 1 ≤ i ≤ (r − 1)/2. Note that each of these (r − 1)/2 cycles takes up exactly 2r edges. Hence, we have C ai = C 2r for 1 ≤ i ≤ (r − 1)/2. We are now left with (r + 1)/2 cycles and r + 1 central edges, namely e i,1 and e i,ai for i = (r + 1)/2, (r + 3)/2, . . . , r, to take up labels in [r, 2r]. For k = (i + 1)/2 + j, j ≥ 0, if we label e k,1 by r + j, then the label of the edges from e k,1 to e k,a k must be r + j, 2r
By symmetry, we can assume r + j < 2r − j so that 0 ≤ j ≤ (r − 1)/2. Note that each of these (r + 1)/2 cycles takes up exactly 2r − 2 edges. Hence, we have C ai = C 2r−2 for (r + 1)/2 ≤ i ≤ r. One can verify that the edge labels are all distinct in [1, 2r
) admits a local antimagic labeling that induces a 2-coloring. Thus, χ la (C(2r, . . . , 2r
(ii) Since all integers in [1, 2r 2 − r − 1] must be assigned to central edges, we have 2r
Case (4) . {a, b} = {8, (2r −1)(r −1)}. In this case, 2y +6−8r = 2r 2 −3r +9. Hence, y = (2r 2 +5r +3)/2 with r is odd. This gives (i) m = (2r 2 + r − 3)/2 and x = (2r 2 + r − 1)/2 or (ii) m = 2r + 2 and x = 2r + 3.
(i) Since all integers in [1, 2r + 2] must be assigned to central edges, we have (2r 2 + 5r + 3)/2 ≥ 1 + · · · + 2r + 2 = 2r 2 + 5r + 3, a contradiction.
(ii) Since all integers in [1, (2r 2 + r − 1)/2] must be assigned to central edges, we have (2r
Case (5). {a, b} = {2(2r − 1), 4(r − 1)}. In this case, 2y + 6 − 8r = 8r − 6. Hence, y = 8r − 6. This gives (i) m = 4r − 3 and x = 4r − 2 or (ii) m = 4r − 4 and x = 4r − 3.
(i) Since all integers in [1, 4r − 4] must be assigned to central edges, we have 8r
(ii) Since all integers in [1, 4r − 3] must be assigned to central edges, we have 8r
Case (6) . {a, b} = {2(r − 1), 4(2r − 1)}. In this case, 2y + 6 − 8r = 10r − 6. Hence, y = 9r − 6. This gives (i) m = 6r − 4 and x = 6r − 3 or (ii) m = 3r − 3 and x = 3r − 2.
(i) Since all integers in [1, 3r − 3] must be assigned to central edges, we have 9r − 6 ≥ 1 + · · · + 3r − 3 giving us r = 2 or 3. If r = 2, we have m = 8 and G = C(4, 4) with x = 9, y = 12. It is easy to show that such an induced 2-coloring does not exist. If r = 3, we have m = 14, x = 15, y = 21. It is routine to conclude that G = C(6, 4, 4) that admits a local antimagic labeling such that the 6-cycle has consecutive edge labels 1, 14, 7, 8, 13, 2, while each of the two 4-cycle has consecutive edge labels 3, 12, 9, 6 and 4, 11, 10, 5 respectively. This is a special case of Case (3)(i). Therefore, χ la (C(6, 4, 4)) = 2.
(ii) Since all integers in [1, 6r − 4] must be assigned to central edges, we have 9r
Case (7). {a, b} = {8(2r − 1), r − 1}. In this case, 2y + 6 − 8r = 17r − 9. Hence, y = (25r − 15)/2 with r is odd. This gives (i) m = 10r − 6 and x = 10r − 5, or (ii) m = (5r − 5)/2 and x = (5r − 3)/2. (ii) Since all integers in [1, 10r − 6] must be assigned to central edges, we have (25r − 15)/2 ≥ 1 + · · · + 10r − 6 = 50r 2 − 55r + 5, a contradiction.
Case (8). {a, b} = {8(r − 1), 2r − 1}. In this case, 2y + 6 − 8r = 10r − 9. Since the left value and the right value are of different parity, a contradiction.
Hence, if χ(G) = 2, then χ la (G) = 2 if and only if G = C(2r, . . . , 2r
), r is odd, or
Let T (n, m) be the vertex-gluing of the end vertex of a path P m and a vertex of a cycle C n . In some article, T (n, m) is called a tadpole graph.
Proof. Note that T (n, m) has order and size m + n − 1. We begin with a path For a 1 ≥ a 2 ≥ · · · ≥ a r ≥ 3, let GB(a 1 , a 2 , . . . , a r ) denote the generalized book graph which is the edge-gluing of cycles of order a i , 1 ≤ i ≤ r, at a common edge. (GB(a 1 , a 2 , . . . , a r )) ≥ 3.
Proof. Let G = GB (a 1 , a 2 , . . . , a r ). Suppose χ la (G) = 2, then G is bipartite. However, G has the same size of parts which contradicts Lemma 2.3. Theorem 3.3. Suppose r ≥ 2, we have χ la (GB (3 [r] )) = 3.
It is easy to verify that f + (x i ) = 2r + 1 for 1 ≤ i ≤ r, f + (u) = r(r + 1)/2 + 2r + 1 and f + (v) = (r + 1)(3r + 2)/2. Hence, f is a local antimagic labeling that induces a 3-coloring so that χ la (G) ≤ 3. Since χ la (G) ≥ χ(G) = 3, we have χ la (G) = 3.
Suppose G is of order m. Let G ⊙ H be the graph obtained from G and m copies of H by joining the i-th vertex of G to each vertex of the i-th copy of H.
where e i = u i u i+1 for 1 ≤ i ≤ m, and u m+1 = u 1 by convention. We shall keep these notation in the following discussion. 
Proof. Let f be a local antimagic labeling of G = C m ⊙O n . Let e be an edge of G such that f (e) = m(n+1) which is the size of G. If e is not a pendant edge, then by Lemma 2.1, c(f ) ≥ mn + 2. So we only need to deal with e = u i v i,j for some i ∈ [1, m] and j ∈ [1, n]. By renumbering we may assume that e = u 1 v 1,1 .
Suppose f + (u i ) and f + (u i+1 ) are greater than m(n + 1) for some i, 1 ≤ i ≤ m. Since they are distinct, c(f ) ≥ mn + 2. So we may assume that the induced colors of any two consecutive vertices of C m do not both greater than m(n + 1). Let k be the number of vertices whose induced color is less than or equal to m(n + 1). Thus, m − 1 ≥ k ≥ ⌈m/2⌉. All edges in the cycle C m are incident to at least one of these k vertices. So there are exactly m + kn distinct edges incident to these k vertices. Proof. Suppose G = C m ⊙ O n . By Lemma 3.4, we know χ la (G) ≥ mn + 2.
Consider m = 2h ≥ 4 and n = 2k ≥ 2. Define f : E(G) → [1, 2h(2k + 1)] by f (e i ) = i for 1 ≤ i ≤ 2h and
It is easy to check that f is a bijection. It is also easy to verify that all pendants have different colors from 2h + 1 to 2h(2k + 1). Now, for 2 ≤ i ≤ h, we have We can also get that f + (u 1 ) = 12h + 2 + (k − 1)(4hk + 8h + 1) and f + (u 2i ) = 8h + 2 + (k − 1)(4hk + 8h + 1) for 1 ≤ i ≤ h. So we have χ la (G) ≤ mn + 2. Hence, χ la (G) = mn + 2.
Consider odd m, n. Let A = (a i,j ) be a magic (m, n) rectangle involving the integers [1, mn] . Let g be a local antimagic labeling of C m with c(g) = 3. Now we define a labeling f for G by f (e) = g(e) + mn for e is an edge of C m ; f (u i v i,j ) = a i,j , for 1 ≤ i ≤ m and 1 ≤ j ≤ n.
Clearly c(f ) = mn + 3. So χ la (G) ≤ mn + 3.
Consider m = 2h + 1 ≥ 3 and n = 2k ≥ 2. Let α be the k-vector whose i-th coordinate is i, i.e., α = (1, 2, . . . , k) . Let J be the k-vector whose coordinates are 1. Let B be a (2h + 1) × 2k matrix whose ith row is ((i−1)kJ +α (4h+2−i)kJ +α). Hence each row sum of B is (4h+1)k 2 +k(k+1) = 4hk 2 +2k 2 +k. Note that B contains all integers in [1, 4hk + 2k] . Similar to the case of odd m, n, we will obtain a local antimagic labeling f of G with c(f ) = mn + 3. So χ la (G) ≤ mn + 3.
Consider even m = 2h ≥ 4 and odd n = 2k − 1 ≥ 1. Let X = {jk : 1 ≤ j ≤ 2h}. We define a labeling φ : E(C 2h ) → X by φ(e 2i−1 ) = ik and φ(e 2i ) = (h + i)k,
Let C be a (2h) × (2k) matrix whose i-th row is ((4h
matrix obtained from C by deleting the last column of C. So the i-th row sum of C ′ is N − ik, 1 ≤ i ≤ 2h. Now we shall label the pendant edges u i v i,j by entries of a suitable row of C ′ , 1 ≤ i ≤ 2h and 1 ≤ j ≤ 2k − 1.
Note that ψ(u 3 v 3,k ) = 4hk which is the largest label.
Let f be the labeling of G obtained by combining φ and ψ. Hence
For h = 2, we redefine the labeling φ by φ(e 1 ) = k, φ(e 2 ) = 3k, φ(e 3 ) = 4k and φ(e 4 ) = 2k. Then
This completes the proof. So χ la (C 4 ⊙O 1 ) ≤ 6 and χ la (C 4 ⊙O 3 ) ≤ 14. By Theorem 3.5 we have χ la (C 4 ⊙O 1 ) = 6 and χ la (C 4 ⊙O 3 ) = 14.
Problem 3.1. Show that χ la (C m ⊙ O n ) ≤ mn + 2 when m is even and n is odd.
For k, r ≥ 1 and a 1 ≥ a 2 ≥ · · · ≥ a r ≥ 3, let H(a 1 , a 2 , . . . , a r ; k) be the hibiscus graph obtained by identifying the vertex of degree 2r of C(a 1 , a 2 , . . . , a r ) and an end-vertex of k copies of P 2 . 1 , a 2 , . . . , a r ; k)) = k + 1, and χ la (H(a 1 , a 2 , . . . , a r ; 1)) = 3 if r and 2r − 1 are both primes. a 2 , . . . , a r ; k). Let u be the vertex of degree 2r + k and v j (1 ≤ j ≤ k) be the pendant vertices of G. Also let m + k ≥ 4 be the size of the graph and the 2r non-pendant edges incident to u are called the central edges. Denote the consecutive edges of C ai subgraph by e si+1 , e si+2 , . . . , e si+ai such that s 1 = 0, s i = a 1 + a 2 + · · · + a i−1 for i ≥ 2 and e si+1 and e si+ai are the central edges of C ai . Define an edge labeling f :
It is easy to verify that w(u) > m + k + 3, w(v j ) = m + j for 1 ≤ j ≤ k, and each degree 2 vertex has color m + 1 and m + 2 alternately. Consider k ≥ 2. We have that f is a local antimagic labeling that induces a (k + 1)-coloring so that χ la (G) ≤ k + 1. By Theorem 2.2, we know χ la (G) ≥ k + 1. Therefore, χ la (G) = k + 1.
Consider k = 1. If a i is odd for some 1 ≤ i ≤ r, then χ la (G) ≥ χ(G) = 3. Note that f is now a local antimagic labeling that induces 3 vertex colors so that χ la (G) ≤ 3. Hence, χ la (G) = 3. If a i is even for each 1 ≤ i ≤ r, then m ≥ 5 and χ la (G) ≥ χ(G) = 2. Assume χ la (G) = 2. Observe that any local antimagic coloring f : By an argument similar to that in the proof of Theorem 2.5, we can get that 2y + 2 − 8r = a + b for ab = 8r(2r − 1). Since r and 2r − 1 are both primes, we only need to consider the following eight cases.
Case (1) . {a, b} = {1, 8r(2r − 1)}. In this case, 2y + 2 − 8r = 16r 2 − 8r + 1. The left and right value are of different parity, a contradiction.
Case (2) . {a, b} = {2, 4r(2r − 1)}. In this case, 2y + 2 − 8r = 8r 2 − 4r + 2. Hence, y = 4r 2 + 2r. This gives (i) m = 4r 2 − 1 or (ii) m = 2r.
(i) Since all integers in [1, 2r + 1] must be assigned to central edges, we have 4r 2 + 2r ≥ (4r 2 − 1) + 1 + 2 + · · · + (2r + 1) = 3r(2r + 1), a contradiction.
(ii) Since all integers in [1, 4r 2 ] must be assigned to central edges, we have 4r 2 +2r ≥ 2r+1+2+· · ·+4r 2 = 8r 4 + 2r 2 + 2r, a contradiction.
Case (3). {a, b} = {4, 2r(2r − 1)}. In this case, 2y + 2 − 8r = 4r 2 − 2r + 4. Hence, y = 2r 2 + 3r + 1. This gives (i) m = 2r 2 + r − 1 or (ii) m = 2r + 1.
(i) Since all integers in [1, 2r + 2] must be assigned to central edges, we have 2r 2 + 3r + 1 ≥ (2r 2 + r − 1) + 1 + 2 + · · · + (2r + 2) = (r + 1)(4r + 2), a contradiction.
(ii) Since all integers in [1, 2r
2 + r] must be assigned to central edges, we have 2r 2 + 3r + 1 ≥ (2r + 1) + 1 + 2 + · · · + (2r 2 + r) = (2r + 1) + (2r 2 + r)(2r 2 + r + 1)/2, a contradiction.
Case (4) . {a, b} = {8, r(2r − 1)}. In this case, 2y + 2 − 8r = 2r 2 − r + 8. Hence, y = (2r 2 + 7r + 6)/2. This gives (i) m = r 2 + 3r/2 − 1 or (ii) m = 2r + 3. (ii) Since all integers in [1, 4r] must be assigned to central edges, we have 8r − 2 ≥ (4r + 2) + 1 + 2 + · · · + 4r = 2r(4r + 1) + (4r + 2), a contradiction.
Case (7). {a, b} = {8(2r − 1), r}. In this case, 2y + 2 − 8r = 17r − 8. Hence, y = (25r − 10)/2 and r is even. This gives (i) m = (20r − 9)/2 or (ii) (5r − 1)/2 so that r is odd, a contradiction.
Case (8). {a, b} = {8r, 2r − 1}. In this case, 2y + 2 − 8r = 10r − 1. The left and right value are of different parity, a contradiction.
Hence, χ la (G) = 3 for k = 1.
, and n 1 + n 2 + · · · + n m ≥ 1, let K(m; n 1 , n 2 , . . . , n m ) be obtained from K m by joining n i pendant vertices to the i-th vertex of K m . Note that K(2; 1, 0) ∼ = P 3 with χ la (P 3 ) = 3 and K(2; 1, 1) ∼ = P 4 with χ la (P 4 ) = 3 (see [1, Theorem 2.7] ). Moreover, χ la (K(2; 2, 1)) = 4 (see [3, Theorem 8]) . Observe that K(1; n − 1) ∼ = K(2; n − 2, 0) is the star graph K 1,n−1 of order n with χ la (K 1,n−1 ) = n. Proof. Note that G = K(m; n 1 , n 2 , . . . , n m ) has order n = n 1 + n 2 + · · · + n m + m and size q = n 1 + n 2 + · · · + n m + m 2 . By definition, it is easy to get χ la (K(2; n 1 , 0)) = n 1 + 2. We now assume G ∼ = K(2; n 1 , 0).
Suppose f is any local antimagic labeling of G. By definition, we must have all pendant vertex labels and all non-pendant vertex labels are mutually distinct respectively. Moreover, (ii) all the pendant vertex induced labels are distinct.
Thus, f is a local antimagic labeling. We now have f
then there exists an edge e with f (e) = (n m + m − 1)(n m + m)/2, where f is defined above. If e = e i,k , then we have f
, we must have e = u i u j for 1 ≤ i < j ≤ m − 1. We have the following two cases.
Case (a). n 2 = 0. In this case, m ≥ 3. Note that K m has size m 2 = 1 + 2 + · · · + (m − 1) = f + (u m ). Thus, e = u 2 u 1 and e 1,1 must be the next unlabeled pendant edge. We now swap the labels of u 2 u 1 and e 1,1 . It is easy to verify that a new local antimagic labeling g with g
Case (b). n 2 = 0. In this case, according to our labeling sequence, e j,1 must be the next unlabeled pendant edge. Let S ′ be obtained from S by putting e j,1 right before e. Now, define g : S ′ → [1, q] according to the order in S ′ . One can verify that all the observations under f still hold under g. Moreover, g + (u j,1 ) = g + (u m ). Thus, g is a local antimagic labeling with c(g) < n.
By Theorem 2.2, we know χ la (K(2; a, b)) ≥ a + b + 1.
Suppose k ≥ 2, n 1 , . . . , n k ≥ 0 and n 1 + · · · + n k ≥ 2. Let Ct(k; n 1 , . . . , n k ) be the caterpillar graph obtained from the path P k = v 1 v 2 · · · v k by joining n i pendants to v i . Consider the following two conditions:
C 1 : min{(n 1 + 1)(n 1 + 2)/2, (n 2 + 2)(n 2 + 3)/2, (n 3 + 1)(n 3 + 2)/2} > n 1 + n 2 + n 3 + 2.
C 2 : No n 1 + n 3 + 2 of distinct integers in [1, n 1 + n 2 + n 3 + 2] can have sum of the n 1 + 1 integers equal sum of the remaining n 3 + 1 integers.
Theorem 4.3. If Ct(3; n 1 , n 2 , n 3 ) satisfies conditions C 1 and C 2 , then χ la (Ct(3; n 1 , n 2 , n 3 )) = n 1 + n 2 + n 3 + 3.
Proof. Let Ct(3; n 1 , n 2 , n 3 ) be the caterpillar graph obtained from the path P 3 = xyz by joining pendants x 1 , . . . , x n1 to x, pendants y 1 , . . . , y n2 to y and pendants z 1 , . . . , z n3 to z. Let f be a local antimagic labeling of G. Note that f + (x) ≥ 1 2 (n 1 + 1)(n 1 + 2), f + (y) ≥ 1 2 (n 2 + 2)(n 2 + 3) and f + (z) ≥ 1 2 (n 3 + 1)(n 3 + 2). Moreover, f + (y) = f + (x) and f + (y) = f + (z). By C 2 , we obtain that f + (x) = f + (z). Combining the results above, by C 1 we have χ la (G) ≥ n 1 + n 2 + n 3 + 3.
We now give a labeling f : E(G) → [1, n 1 + n 2 + n 3 + 2]. By symmetry, we only need to consider three possibilities. Suppose n 1 ≤ n 2 ≤ n 3 , we label in the sequence xx 1 , xx 2 , . . . , xx n1 , xy, yy 1 , yy 2 , . . . , yy n2 , yz, zz 1 , zz 2 , . . . , zz n3 . Clearly, f + (z) = (n 3 + 1)(2n 1 + 2n 2 + 4)/2 > f + (y) = (n 2 + 2)(2n 1 + n 2 + 3)/2 > f + (x) = (n 1 + 1)(n 1 + 2)/2 which in turn greater than all the pendant vertex labels. Thus, c(f ) = n 1 + n 2 + n 3 + 3. Suppose n 1 ≤ n 3 < n 2 , we label in the sequence xx 1 , xx 2 , . . . , xx n1 , xy, zz 1 , zz 2 , . . . , zz n3 , yz, yy 1 , yy 2 , . . . , yy n2 . Similarly, we have f + (y) > f + (z) > f + (x) which in turn greater than all the pendant vertex labels. Thus, c(f ) = n 1 + n 2 + n 3 + 3. Finally, suppose n 2 < n 1 ≤ n 3 , we label in the sequence yy 1 , yy 2 , . . . , yy n2 , xy, xx 1 , xx 2 , . . . , xx n1 , zz 1 , zz 2 , . . . , zz n3 , yz. Similarly, we have we have f + (z) > f + (x) > f + (y) which in turn greater than all the pendant vertex labels. Thus, c(f ) = n 1 + n 2 + n 3 + 3. It follows that for a graph G of order n, χ la (G) = n if G = K n (n ≥ 2), K 1,n−1 (n ≥ 3), or K(m; n 1 , n 2 , . . . , n m ) for (n m + m − 1)(n m + m)/2 > n 1 + n 2 + · · · + n m + m 2 where n = n 1 + n 2 + · · · + n m + m ≥ m + 1 ≥ 3, or C(3; a, 0, b) for a ≤ b, b < (a + 2)(a − 1)/2 and a + b ≡ 0, 3 (mod 4) where n = a+ b + 3. It is also easy to verify that if G is a graph of order 3 ≤ n ≤ 6, then χ la (G) = n if and only if G = K n , K 1,n−1 or K(2; 2, 2). In [1, Problem 3.1], the authors posed the problem: Characterize the class of graph G of order n for which χ la (G) = n. Conjecture 4.1. A graph G of order n has χ la (G) = n if and only if G = K n (n ≥ 2), K 1,n−1 (n ≥ 3), or K(m; n 1 , n 2 , . . . , n m ) for (n m + m − 1)(n m + m)/2 > n 1 + n 2 + · · · + n m + m 2 where n = n 1 + n 2 + · · · + n m + m ≥ m + 1 ≥ 3, or C(3; a, 0, b) for a ≤ b, b < (a + 2)(a − 1)/2 and a + b ≡ 0, 3 (mod 4) where n = a + b + 3.
Problem 4.1. Study χ la (Ct(k; n 1 , . . . , n k )).
